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Introduction 

Modern tax theory relies heavily on Mirrlees (1971) idea. This equation 
is the staple in the public finance field: Mirrlees (1976), Saez (2001), Choné, 
Laroque (2010), Fleurbaey, Maniquet (2018). Atkinson, Stiglitz, (1980); 
Kaplow, (2008); Mirrlees (1976), Mirrlees (1986); Stiglitz, (1987); Tuomala, 
(1990) include rigorous derivations of tax formulas. Saez (2001) argued that 
“unbounded distributions are of much more interest than bounded 
distributions to address high income optimal tax rate problem”. Saez (2001) 
investigated (four cases)1 and the optimal tax rates are clearly U-shaped, see 
Diamond (1998) too. Saez, S. Stantcheva (2016), define social marginal 
welfare weight as a function of agents’  consumption, earnings, and a set of 
characteristics that affect social marginal welfare weight and a set of 
characteristics that affect utility. Piketty, Saez, Stantcheva (2014), derived 
optimal top tax rate formulas in a model where top earners respond to taxes 
through three channels: labor supply, tax avoidance, and compensation 
bargaining. Dynamic taxation most famous examples in the literature are: 
Diamond-Mirrlees (1978); Albanesi-Sleet (2006), Shimer-Werning (2008), 
Ales-Maziero (2009), Golosov-Troshkin Tsyvinsky (2011). Sizeable 
literature in NDPF studies optimal taxation in dynamic settings, (Golosov, 
Kocherlakota, Tsyvinski (2003), Golosov, Tsyvinski, and Werning (2006), 
Kocherlakota (2010). This paper will review the basis of the optimal tax 
theory and will show the derivation of the optimal tax formula in linear-and 
non-linear cases and in dynamic Mirrlees model too.  

1.ATKINSON-STIGLITZ THEOREM: COMMODITY 
TAXATION AS SUPPLEMENTARY TO LABOR TAXATION 

The question here is whether governments can increase social welfare 
by adding differentiated commodity taxation 𝜏𝜏 =  (𝜏𝜏1, . . . , 𝜏𝜏𝑘𝑘) in addition to 
nonlinear tax on earnings 𝑤𝑤. Atkinson and Stiglitz (1976) theorem: 

Theorem: Commodity taxes cannot increase social welfare if utility 
functions are weakly separable in consumption goods versus  leisure and the 
subutility of consumption goods is the same across individuals, 
i.e.,𝑢𝑢𝑖𝑖(𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘, 𝑤𝑤)  =  𝑢𝑢𝑖𝑖(𝑣𝑣(𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘), 𝑤𝑤) with the subutility function 

Utilitarian criterion, utility type I and II and Rawlsian criterion, utility type I and II.  
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𝑣𝑣(𝑐𝑐1, . . . , 𝑐𝑐𝑘𝑘) homogenous across individuals. Laroque (2005) and Kaplow 
(2006) have provided intuitive proof of this theorem. 

1.1. Inverse elasticity rule  
 
In Ramsey (1927), utility function is given of the following type: 𝑢𝑢 =

𝑓𝑓(𝑝𝑝1, 𝑝𝑝2, 𝑝𝑝3, … . . , 𝑤𝑤), 𝑝𝑝1, 𝑝𝑝2, 𝑝𝑝3, … .. are the prices and 𝑤𝑤 is an income. This 
result is known as Roy’s identity, Roy (1947)2, it is : 𝜕𝜕𝜕𝜕

𝜕𝜕𝑝𝑝𝑖𝑖
= −𝑓𝑓𝑖𝑖

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 . With the 

horizontal demand curves, price of the producers is fixed, change in the 
goods price is only equal to the change in taxes. Then, 𝑑𝑑𝑝𝑝1 = 𝑑𝑑𝜏𝜏1 > 0, 
𝑑𝑑𝑝𝑝2 = 𝑑𝑑𝜏𝜏2 < 0. Change in taxes must satisfy the following equation:  

𝑑𝑑𝑑𝑑 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝𝑖𝑖

𝑑𝑑𝜏𝜏1 + 𝜕𝜕𝜕𝜕
𝜕𝜕𝑝𝑝2

𝑑𝑑𝜏𝜏2 = 0, 𝑑𝑑𝜏𝜏2
𝑑𝑑𝜏𝜏1

= − 𝐹𝐹1
𝐹𝐹2

,   (1) 

change in the revenues caused by the change in taxes is: 𝜕𝜕(𝜏𝜏1𝑓𝑓1)
𝜕𝜕𝑡𝑡1

= 𝐹𝐹1 +
𝜏𝜏1𝑑𝑑𝑓𝑓
𝑑𝑑𝑝𝑝1

= 𝐹𝐹 (1 + 𝜏𝜏1𝑑𝑑𝐹𝐹1𝑝𝑝1
𝑝𝑝1𝑑𝑑𝑝𝑝1𝐹𝐹1

) = 𝐹𝐹1 (1 − 𝜏𝜏1
𝑝𝑝1

𝜀𝜀𝜕𝜕
1), where 𝜀𝜀𝜕𝜕

1 represents the 
compensated elasticity of the demand for good 1. Change of revenues of 
good 2 is: 𝜕𝜕(𝑡𝑡2𝐹𝐹2)

𝜕𝜕𝑡𝑡2
= 𝐹𝐹2 (1 − 𝜏𝜏2

𝑝𝑝2
𝜀𝜀𝜕𝜕

2). This identity must hold: 𝑡𝑡2
𝑝𝑝2

𝜀𝜀𝜕𝜕
2 − 𝑡𝑡1

𝑝𝑝1
𝜀𝜀𝜕𝜕

1 = 0, 

for the linear demand curve results is: 𝑡𝑡
𝑝𝑝 = 𝑘𝑘𝑘𝑘

𝑏𝑏𝑝𝑝 = 𝑘𝑘
𝜀𝜀𝑢𝑢𝑑𝑑

. This conclusion is 
supported by the findings of Feldstein (1978). Ramsey’s model was used in 
life cycle models, for best reference see Atkinson, A.B. and  Stiglitz, J. 
(1976), Atkinson, A.B. and A. Sandmo (1980), Atkinson, A.B. and Stiglitz,J. 
(1980). 

2.OPTIMAL LINEAR TAX FORMULAE  

The first modern treatment of optimal linear tax was provided by 
Sheshinski (1972). Optimal linear tax formulae is given as: 

∫ 𝜏𝜏(𝑤𝑤)𝑓𝑓(𝑛𝑛)𝑑𝑑𝑛𝑛 = ∫ (𝑤𝑤 − 𝛼𝛼 − 𝛽𝛽𝑤𝑤)𝑓𝑓(𝑛𝑛)𝑑𝑑𝑛𝑛 = 0∞
0  ∞

0   (2) 

𝑓𝑓(𝑛𝑛) is PDF of ability 𝑛𝑛, 𝛼𝛼 is a tax parameter and is a lump-sum tax if 
𝛼𝛼 < 0 and tax-subsidy if 𝛼𝛼 > 0 given to an individual with no income. 1 − 𝛽𝛽 
is a marginal tax rate i.e. 0 ≤ 𝛽𝛽 ≤ 1 so that marginal tax rate is non negative 

The lemma relates the ordinary (Marshallian) demand function to the derivatives of the 
indirect utility function.
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The lemma relates the ordinary (Marshallian) demand function to the derivatives of the 
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in the linear tax function which is 𝜏𝜏(𝑤𝑤) = −𝛼𝛼 + (1 − 𝛽𝛽)𝑤𝑤, after tax 
consumption is 𝑐𝑐(𝑤𝑤) = 𝑤𝑤 − 𝜏𝜏(𝑤𝑤) = 𝛼𝛼 + 𝛽𝛽𝑤𝑤. Optimal labor supply is given 
as: ℓ = ℓ̂(𝛽𝛽𝛽𝛽, 𝛼𝛼). If 𝜆𝜆 is the lowest elasticity of labor supply function and it is 
equal to 𝜆𝜆 = lim

𝑛𝑛
inf [𝛽𝛽

ℓ̂
𝜕𝜕ℓ̂
𝜕𝜕𝛽𝛽] so that 𝛽𝛽

ℓ̂
𝜕𝜕ℓ̂
𝜕𝜕𝛽𝛽 ≥ 𝜆𝜆. Revenue maximizing linear tax 

rate is given as: 𝜏𝜏∗

1−𝜏𝜏∗ = 1
𝑒𝑒 or 𝜏𝜏∗ = 1

1+𝑒𝑒 . Government FOC given 𝑆𝑆𝑆𝑆𝑆𝑆 =
∫ 𝜔𝜔𝑖𝑖𝐺𝐺 (𝑢𝑢𝑖𝑖(1 − 𝜏𝜏)𝑤𝑤𝑖𝑖  + 𝜏𝜏𝑤𝑤(1 − 𝜏𝜏) − 𝐸𝐸, 𝑤𝑤𝑖𝑖)) 𝑑𝑑𝑑𝑑(𝑖𝑖) is : 

0 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑
𝑑𝑑𝜏𝜏 = ∫ 𝜔𝜔𝑖𝑖𝐺𝐺′(𝑢𝑢𝑖𝑖)𝑢𝑢𝑐𝑐

𝑖𝑖 ∙ ((𝑤𝑤 − 𝑤𝑤∗) − 𝜏𝜏 𝑑𝑑𝑑𝑑
𝑑𝑑(1−𝜏𝜏))  𝑑𝑑𝑑𝑑(𝑖𝑖) (3) 

Social marginal welfare weight 𝑔𝑔𝑖𝑖 is given as: 𝑔𝑔𝑖𝑖 = 𝜔𝜔𝑖𝑖𝐺𝐺′(𝑢𝑢𝑖𝑖)𝑢𝑢𝑐𝑐𝑖𝑖

∫ 𝜔𝜔𝑗𝑗𝐺𝐺′(𝑢𝑢𝑗𝑗)𝑢𝑢𝑐𝑐
𝑗𝑗𝑑𝑑𝑑𝑑(𝑗𝑗)

. So 

that optimal linear tax formula is: 

 𝜏𝜏 = 1−�̅�𝑔
1−�̅�𝑔+𝑒𝑒  (4) 

where �̅�𝑔 = ∫ 𝑔𝑔𝑖𝑖∙𝑑𝑑𝑖𝑖𝑑𝑑𝑑𝑑(𝑖𝑖)
𝑑𝑑  . 

3.OPTIMAL NON-LINEAR TAX FORMULAE: DERIVATION 

Utility function is quasi linear: 𝑢𝑢(𝑐𝑐, 𝑙𝑙) = 𝑐𝑐 − 𝑣𝑣(𝑙𝑙). 𝑐𝑐 is disposable 
income and the utility of supply of labor 𝑣𝑣(𝑙𝑙) is increasing and convex in 𝑙𝑙. 
Earnings equal 𝑤𝑤 = 𝛽𝛽𝑙𝑙 where 𝛽𝛽 represents innate ability. CDF of skills 
distribution is 𝑆𝑆(𝛽𝛽), its PDF is 𝑑𝑑(𝛽𝛽)and support range is [0, ∞). The 
government cannot observe abilities instead it can set taxes as a function of 
labor income 𝑐𝑐 = 𝑤𝑤 − 𝜏𝜏(𝑤𝑤).Individual 𝛽𝛽 chooses 𝑙𝑙𝑛𝑛 to maximize: max(𝛽𝛽𝑙𝑙 −
𝜏𝜏𝛽𝛽(𝑙𝑙) − 𝑣𝑣(𝑙𝑙)) . When marginal tax rate 𝜏𝜏 is constant, the labor supply f-ction 
is given as: 𝑙𝑙 →  𝑙𝑙(𝛽𝛽(1 –  𝜏𝜏)) and it is implicitly defined by the 𝛽𝛽(1 –  𝜏𝜏) =
 𝑣𝑣′(𝑙𝑙). And 𝑑𝑑𝑑𝑑

𝑑𝑑(𝑛𝑛(1 – 𝜏𝜏))  = 1
𝑣𝑣′′(𝑙𝑙), so the elasticity of the net-of-tax rate 1 − 𝜏𝜏  is: 

 𝑒𝑒 = (𝑛𝑛(1−𝜏𝜏)
𝑙𝑙 )𝑑𝑑𝑑𝑑

𝑑𝑑(𝑛𝑛(1−𝜏𝜏)) = 𝑣𝑣′(𝑑𝑑)
𝑑𝑑𝑣𝑣′′(𝑑𝑑) (5) 

As there are no income effects this elasticity is both the compensated 
and the uncompensated elasticity. Government maximizes SWF : 

𝑆𝑆𝑆𝑆𝑆𝑆 = ∫ 𝐺𝐺(𝑢𝑢𝑛𝑛)𝑑𝑑 (𝛽𝛽)𝑑𝑑𝛽𝛽   𝑠𝑠. 𝑡𝑡. ∫ 𝑐𝑐𝛽𝛽𝑑𝑑 (𝛽𝛽)𝑑𝑑𝛽𝛽   ≤  ∫ 𝛽𝛽𝑙𝑙𝛽𝛽𝑑𝑑 (𝛽𝛽)𝑑𝑑𝛽𝛽 −  𝐸𝐸 (𝜆𝜆) (6) 
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𝑢𝑢𝑛𝑛 denotes utility, 𝑤𝑤𝑛𝑛  = 𝑛𝑛𝑙𝑙𝑛𝑛 denotes earnings, 𝑐𝑐𝑛𝑛 denotes consumption or 
disposable income, and 𝑐𝑐𝑛𝑛 = 𝑢𝑢𝑛𝑛 + 𝑣𝑣(𝑙𝑙𝑛𝑛).By using the envelope theorem and 
the FOC for the individual, 𝑢𝑢𝑛𝑛 satisfies following:  𝑑𝑑𝑢𝑢𝑛𝑛

𝑑𝑑𝑛𝑛  = 𝑙𝑙𝑛𝑛𝑣𝑣′(𝑙𝑙𝑛𝑛)
𝑛𝑛 . Now the 

Hamiltonian is given as: 

ℋ = [𝐺𝐺(𝑢𝑢𝑛𝑛) + 𝜆𝜆 ·  (𝑛𝑛𝑙𝑙𝑛𝑛  −  𝑢𝑢𝑛𝑛  −  𝑣𝑣(𝑙𝑙𝑛𝑛))]𝑓𝑓 (𝑛𝑛) + 𝜙𝜙(𝑛𝑛) ∙ 𝑙𝑙𝑛𝑛𝑣𝑣′(𝑙𝑙𝑛𝑛)
𝑛𝑛  (7) 

In previous 𝜙𝜙(𝑛𝑛) is the multiplier of the state variable. The FOC with 
respect to 𝑙𝑙 is given as: 

 𝜆𝜆 · (𝑛𝑛 −  𝑣𝑣′(𝑙𝑙𝑛𝑛)) + 𝜙𝜙(𝑛𝑛)
𝑛𝑛 ∙ [𝑣𝑣′(𝑙𝑙𝑛𝑛) + 𝑙𝑙𝑛𝑛𝑣𝑣′′(𝑙𝑙𝑛𝑛)] = 0 (8) 

FOC with respect to 𝑢𝑢 is given as:− 𝑑𝑑𝜙𝜙(𝑛𝑛)
𝑛𝑛 = [𝐺𝐺′(𝑢𝑢𝑛𝑛) − 𝜆𝜆] .Integrated 

previous expression gives: −𝜙𝜙(𝑛𝑛) = ∫ [𝜆𝜆 − 𝐺𝐺′(𝑢𝑢𝑚𝑚)]𝑓𝑓(𝑚𝑚)𝑑𝑑𝑚𝑚 ∞
𝑛𝑛  where the 

transversality condition 𝜙𝜙(∞) = 0 ,and 𝜙𝜙(0) = 0 , and 𝜆𝜆 =
∫ 𝐺𝐺′(𝑢𝑢𝑚𝑚)𝑓𝑓(𝑚𝑚)𝑑𝑑𝑚𝑚∞

0  and social marginal welfare weights 𝐺𝐺′(𝑢𝑢𝑚𝑚)
𝜆𝜆 = 1. Using 

this equation for 𝜙𝜙(𝑛𝑛) and all previous 𝑛𝑛 −  𝑣𝑣′(𝑙𝑙𝑛𝑛)  =  𝑛𝑛𝑛𝑛′ (𝑤𝑤𝑛𝑛), and that  

                                                     [𝑣𝑣′(𝑙𝑙𝑛𝑛)+𝑙𝑙𝑛𝑛𝑣𝑣′′(𝑙𝑙𝑛𝑛)]
𝑛𝑛 = [𝑣𝑣′(𝑙𝑙𝑛𝑛)

𝑛𝑛 ] [1 + 1
𝑒𝑒]                   (9) 

FOC with respect to 𝑙𝑙𝑛𝑛 is: 

 𝜏𝜏′(𝑤𝑤𝑛𝑛)
1−𝜏𝜏′(𝑤𝑤𝑛𝑛) = (1 + 1

𝑒𝑒) ∙ (∫ (1−𝑔𝑔𝑚𝑚)𝑑𝑑𝑑𝑑(𝑚𝑚)∞
𝑛𝑛

𝑛𝑛𝑛𝑛(𝑛𝑛) ) (10) 

In the previous expression  𝑔𝑔𝑚𝑚 = 𝐺𝐺′(𝑢𝑢𝑚𝑚)
𝜆𝜆  which is the social welfare of 

individual 𝑚𝑚. The formula was derived in Diamond (1998), ℎ(𝑤𝑤𝑛𝑛) is density 
of earnings at 𝑤𝑤𝑛𝑛 if the nonlinear tax system was replaced by linearized tax 
with marginal tax rate 𝑛𝑛 = 𝑛𝑛′(𝑤𝑤𝑛𝑛) we would have that following equals 
ℎ(𝑤𝑤𝑛𝑛)𝑑𝑑𝑤𝑤𝑛𝑛 = 𝑓𝑓(𝑛𝑛)𝑑𝑑𝑛𝑛; 𝑓𝑓(𝑛𝑛) = ℎ(𝑤𝑤𝑛𝑛)𝑙𝑙𝑛𝑛(1 + 𝑒𝑒), henceforth 𝑛𝑛𝑓𝑓(𝑛𝑛) =
𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛)(1 + 𝑒𝑒) and we can write the previous equation as:  

                 𝜏𝜏′(𝑤𝑤𝑛𝑛)
1−𝜏𝜏′(𝑤𝑤𝑛𝑛) = 1

𝑒𝑒 ∙ (∫ (1−𝑔𝑔𝑚𝑚)𝑑𝑑𝑑𝑑(𝑚𝑚)∞
𝑛𝑛

𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛) ) = 1
𝑒𝑒 ∙ (1−𝐻𝐻(𝑤𝑤𝑛𝑛)

𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛)) ∙ (1 − 𝐺𝐺(𝑤𝑤𝑛𝑛)) (11) 

𝐺𝐺(𝑤𝑤𝑛𝑛) = ∫ 𝑑𝑑𝑑𝑑(𝑚𝑚)
1−𝑑𝑑(𝑛𝑛)

∞
𝑛𝑛  is the average social welfare above 𝑤𝑤𝑛𝑛 .If 𝑛𝑛 → 𝑤𝑤𝑛𝑛 , 

we have  𝐺𝐺(𝑤𝑤𝑛𝑛) = ∫ 𝑔𝑔𝑚𝑚𝑑𝑑𝐻𝐻(𝑤𝑤𝑚𝑚)
1−𝐻𝐻(𝑤𝑤𝑛𝑛)

∞
𝑤𝑤𝑛𝑛

. The transversality condition implies 
𝐺𝐺(𝑤𝑤0 = 0) = 1. 
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𝑢𝑢𝑛𝑛 denotes utility, 𝑤𝑤𝑛𝑛  = 𝑛𝑛𝑙𝑙𝑛𝑛 denotes earnings, 𝑐𝑐𝑛𝑛 denotes consumption or 
disposable income, and 𝑐𝑐𝑛𝑛 = 𝑢𝑢𝑛𝑛 + 𝑣𝑣(𝑙𝑙𝑛𝑛).By using the envelope theorem and 
the FOC for the individual, 𝑢𝑢𝑛𝑛 satisfies following:  𝑑𝑑𝑢𝑢𝑛𝑛

𝑑𝑑𝑛𝑛  = 𝑙𝑙𝑛𝑛𝑣𝑣′(𝑙𝑙𝑛𝑛)
𝑛𝑛 . Now the 

Hamiltonian is given as: 

ℋ = [𝐺𝐺(𝑢𝑢𝑛𝑛) + 𝜆𝜆 ·  (𝑛𝑛𝑙𝑙𝑛𝑛  −  𝑢𝑢𝑛𝑛  −  𝑣𝑣(𝑙𝑙𝑛𝑛))]𝑓𝑓 (𝑛𝑛) + 𝜙𝜙(𝑛𝑛) ∙ 𝑙𝑙𝑛𝑛𝑣𝑣′(𝑙𝑙𝑛𝑛)
𝑛𝑛  (7) 

In previous 𝜙𝜙(𝑛𝑛) is the multiplier of the state variable. The FOC with 
respect to 𝑙𝑙 is given as: 

 𝜆𝜆 · (𝑛𝑛 −  𝑣𝑣′(𝑙𝑙𝑛𝑛)) + 𝜙𝜙(𝑛𝑛)
𝑛𝑛 ∙ [𝑣𝑣′(𝑙𝑙𝑛𝑛) + 𝑙𝑙𝑛𝑛𝑣𝑣′′(𝑙𝑙𝑛𝑛)] = 0 (8) 

FOC with respect to 𝑢𝑢 is given as:− 𝑑𝑑𝜙𝜙(𝑛𝑛)
𝑛𝑛 = [𝐺𝐺′(𝑢𝑢𝑛𝑛) − 𝜆𝜆] .Integrated 

previous expression gives: −𝜙𝜙(𝑛𝑛) = ∫ [𝜆𝜆 − 𝐺𝐺′(𝑢𝑢𝑚𝑚)]𝑓𝑓(𝑚𝑚)𝑑𝑑𝑚𝑚 ∞
𝑛𝑛  where the 

transversality condition 𝜙𝜙(∞) = 0 ,and 𝜙𝜙(0) = 0 , and 𝜆𝜆 =
∫ 𝐺𝐺′(𝑢𝑢𝑚𝑚)𝑓𝑓(𝑚𝑚)𝑑𝑑𝑚𝑚∞

0  and social marginal welfare weights 𝐺𝐺′(𝑢𝑢𝑚𝑚)
𝜆𝜆 = 1. Using 

this equation for 𝜙𝜙(𝑛𝑛) and all previous 𝑛𝑛 −  𝑣𝑣′(𝑙𝑙𝑛𝑛)  =  𝑛𝑛𝑛𝑛′ (𝑤𝑤𝑛𝑛), and that  

                                                     [𝑣𝑣′(𝑙𝑙𝑛𝑛)+𝑙𝑙𝑛𝑛𝑣𝑣′′(𝑙𝑙𝑛𝑛)]
𝑛𝑛 = [𝑣𝑣′(𝑙𝑙𝑛𝑛)

𝑛𝑛 ] [1 + 1
𝑒𝑒]                   (9) 

FOC with respect to 𝑙𝑙𝑛𝑛 is: 

 𝜏𝜏′(𝑤𝑤𝑛𝑛)
1−𝜏𝜏′(𝑤𝑤𝑛𝑛) = (1 + 1

𝑒𝑒) ∙ (∫ (1−𝑔𝑔𝑚𝑚)𝑑𝑑𝑑𝑑(𝑚𝑚)∞
𝑛𝑛

𝑛𝑛𝑛𝑛(𝑛𝑛) ) (10) 

In the previous expression  𝑔𝑔𝑚𝑚 = 𝐺𝐺′(𝑢𝑢𝑚𝑚)
𝜆𝜆  which is the social welfare of 

individual 𝑚𝑚. The formula was derived in Diamond (1998), ℎ(𝑤𝑤𝑛𝑛) is density 
of earnings at 𝑤𝑤𝑛𝑛 if the nonlinear tax system was replaced by linearized tax 
with marginal tax rate 𝑛𝑛 = 𝑛𝑛′(𝑤𝑤𝑛𝑛) we would have that following equals 
ℎ(𝑤𝑤𝑛𝑛)𝑑𝑑𝑤𝑤𝑛𝑛 = 𝑓𝑓(𝑛𝑛)𝑑𝑑𝑛𝑛; 𝑓𝑓(𝑛𝑛) = ℎ(𝑤𝑤𝑛𝑛)𝑙𝑙𝑛𝑛(1 + 𝑒𝑒), henceforth 𝑛𝑛𝑓𝑓(𝑛𝑛) =
𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛)(1 + 𝑒𝑒) and we can write the previous equation as:  

                 𝜏𝜏′(𝑤𝑤𝑛𝑛)
1−𝜏𝜏′(𝑤𝑤𝑛𝑛) = 1

𝑒𝑒 ∙ (∫ (1−𝑔𝑔𝑚𝑚)𝑑𝑑𝑑𝑑(𝑚𝑚)∞
𝑛𝑛

𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛) ) = 1
𝑒𝑒 ∙ (1−𝐻𝐻(𝑤𝑤𝑛𝑛)

𝑤𝑤𝑛𝑛ℎ(𝑤𝑤𝑛𝑛)) ∙ (1 − 𝐺𝐺(𝑤𝑤𝑛𝑛)) (11) 

𝐺𝐺(𝑤𝑤𝑛𝑛) = ∫ 𝑑𝑑𝑑𝑑(𝑚𝑚)
1−𝑑𝑑(𝑛𝑛)

∞
𝑛𝑛  is the average social welfare above 𝑤𝑤𝑛𝑛 .If 𝑛𝑛 → 𝑤𝑤𝑛𝑛 , 

we have  𝐺𝐺(𝑤𝑤𝑛𝑛) = ∫ 𝑔𝑔𝑚𝑚𝑑𝑑𝐻𝐻(𝑤𝑤𝑚𝑚)
1−𝐻𝐻(𝑤𝑤𝑛𝑛)

∞
𝑤𝑤𝑛𝑛

. The transversality condition implies 
𝐺𝐺(𝑤𝑤0 = 0) = 1. 

4.GOLOSOV ET AL. (2016) FRAMEWORK: HETEROGENOUS 
PREFERENCES  

 
This economy is described by 𝑡𝑡 + 1 periods denoted by 𝑡𝑡 = 0,1, . . , 𝑡𝑡 +

1.Agents preferences are described by a time separable utility function over 
consumption 𝑐𝑐𝑡𝑡 and labor 𝑙𝑙𝑡𝑡, and discount factor 𝛽𝛽 ∈ (0,1), and expectation 
operator in period 𝑡𝑡 = 1 ,  𝐸𝐸0 and utility function 𝑢𝑢: ℝ+

2 → ℝ. Where; 
𝐸𝐸0 ∑ 𝛽𝛽𝑡𝑡(𝑐𝑐𝑡𝑡, 𝑙𝑙𝑡𝑡)𝑡𝑡+1

𝑡𝑡=0 . In period 𝑡𝑡 = 0 agent skills are 𝜃𝜃0 and the distribution of 
those skills is 𝐹𝐹(𝜃𝜃0). In period 𝑡𝑡 + 1 ; 𝑡𝑡 ≥ 1 skills follow Markov process 
𝐹𝐹𝑡𝑡(𝜃𝜃𝑡𝑡|𝜃𝜃𝑡𝑡−1), where 𝜃𝜃𝑡𝑡−1 represents skills realization, and PDF is 𝑓𝑓𝑡𝑡(𝜃𝜃𝑡𝑡|𝜃𝜃𝑡𝑡−1). 
People retire at period �̂�𝑡 in which case 𝐹𝐹𝑡𝑡(0|𝜃𝜃) = 1 ∀𝑡𝑡, ⋀ ∀𝑡𝑡 ≥ �̂�𝑡.   

Assumption 1. ∀𝑡𝑡 ≥ �̂�𝑡 , pdf is differentiable with 𝑓𝑓𝑡𝑡
′ ≡ 𝜕𝜕𝑓𝑓𝑡𝑡

𝜕𝜕𝜕𝜕  and 𝑓𝑓2,𝑡𝑡
′ ≡

𝜕𝜕𝑓𝑓𝑡𝑡
𝜕𝜕𝜕𝜕𝑡𝑡−1

 , where ∀𝜃𝜃𝑡𝑡−1, where 𝜓𝜓(𝜃𝜃|𝜃𝜃𝑡𝑡−1) =
𝜕𝜕𝑡𝑡−1 ∫ 𝜕𝜕𝑓𝑓𝑡𝑡

𝜕𝜕𝜃𝜃𝑡𝑡−1
(𝑥𝑥|𝜃𝜃𝑡𝑡−1)𝑑𝑑𝑑𝑑∞

𝜃𝜃
𝜕𝜕𝑓𝑓𝑡𝑡(𝜃𝜃|𝜃𝜃𝑡𝑡−1) , is bounded one 

sided |𝜕𝜕
∞ ∀𝜃𝜃 and this limit is finite: lim

𝜕𝜕→∞

1−𝐹𝐹𝑡𝑡(𝜃𝜃|𝜃𝜃(𝑡𝑡−1))
𝜕𝜕𝑓𝑓𝑡𝑡(𝜃𝜃|𝜃𝜃𝑡𝑡−1) .  

If previous process is AR(1) then 𝜓𝜓 is equal to autocorrelation of the 
shock process ∀𝜃𝜃 . Skills are non-negative 𝜃𝜃𝑡𝑡 ∈ Θ = ℝ+, ∀𝑡𝑡. Agent types are 
also persistent like in Hellwig (2021) : 

 Θ(𝜃𝜃|𝜃𝜃𝑡𝑡−1) =
𝜕𝜕𝑓𝑓𝑡𝑡(𝜃𝜃𝑡𝑡|𝜃𝜃𝑡𝑡−1)

𝜕𝜕𝜃𝜃𝑡𝑡−1
𝑓𝑓𝑡𝑡(𝜃𝜃|𝜃𝜃𝑡𝑡−1)  (12) 

 
Where 𝜕𝜕𝑓𝑓𝑡𝑡(𝜕𝜕𝑡𝑡|𝜕𝜕𝑡𝑡−1)

𝜕𝜕𝜕𝜕𝑡𝑡−1
= −𝜌𝜌 𝜕𝜕𝑓𝑓𝑡𝑡(𝜕𝜕𝑡𝑡|𝜕𝜕𝑡𝑡−1)

𝜕𝜕𝜕𝜕𝑡𝑡
, when 𝜌𝜌 = 0, 𝜃𝜃𝑡𝑡 is i.i.d. and when 𝜌𝜌 =

1  𝜃𝜃𝑡𝑡 is random walk with persistence.  
Assumption 2. Single crossing condition strictly decreasing: 

 𝑢𝑢𝑐𝑐𝜃𝜃
𝑢𝑢𝑐𝑐

− 𝑢𝑢𝑦𝑦𝜃𝜃
𝑢𝑢𝑦𝑦

> 0 (13) 

 
Where 𝑦𝑦 are the earnings of the agent. Social planner evaluates welfare 

by Pareto weights 𝛼𝛼: Θ → ℝ+ .Then 𝛼𝛼 is normalized to 1 ∫ 𝛼𝛼(𝜃𝜃)𝑑𝑑𝐹𝐹0(𝜃𝜃) =∞
0

1 Social welfare is given by: 
 𝑆𝑆𝑆𝑆𝐹𝐹 = ∫ 𝛼𝛼(𝜃𝜃)(𝐸𝐸0 ∑ 𝛽𝛽𝑡𝑡(𝑐𝑐𝑡𝑡, 𝑙𝑙𝑡𝑡)𝑡𝑡+1

𝑡𝑡=0 )𝑑𝑑𝐹𝐹0(𝜃𝜃) ∞
0  (14) 

 
Assumption 3. 𝑢𝑢 is continuous and twice differentiable in both arg. and 

satisfies 𝑢𝑢𝑐𝑐 > 0; 𝑢𝑢𝑙𝑙 < 0; 𝑢𝑢𝑐𝑐𝑐𝑐 ≤ 0; 𝑢𝑢𝑙𝑙𝑙𝑙 ≤ 0, and 𝜕𝜕
𝜕𝜕𝜕𝜕

𝑢𝑢𝑦𝑦(𝑐𝑐,𝑦𝑦𝜃𝜃)
𝑢𝑢𝑐𝑐(𝑐𝑐,𝑦𝑦𝜃𝜃)

. There the optimal 
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allocation solve mechanism design problem as in Golosov, Kocherlakota, 
Tsyvinski (2003): 

max
𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡);𝜃𝜃𝑡𝑡∈Θ𝑡𝑡;𝑡𝑡∈(0,�̂�𝑡)

∫ 𝛼𝛼(𝜃𝜃)∞
0 (𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡))𝑑𝑑𝐹𝐹0(𝜃𝜃) (15) 

 
s.t. IC (incentive compatibility) constraint: 
𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡) ≥

𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜎𝜎𝑡𝑡(𝜃𝜃𝑡𝑡)),
𝑦𝑦𝑡𝑡(𝜎𝜎𝑡𝑡((𝜃𝜃𝑡𝑡))
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡) , ∀𝜎𝜎�̂�𝑡 ∈ ∑ , 𝜎𝜎𝑡𝑡 ∈ 𝜎𝜎�̂�𝑡, 𝜃𝜃 ∈ Θ𝑡𝑡   and  
 
feasibility constraint:  
∫ 𝐸𝐸0{∑ 𝑅𝑅−𝑡𝑡𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡)|𝜃𝜃𝑡𝑡�̂�𝑡

𝑡𝑡=0 }𝑑𝑑𝐹𝐹0(𝜃𝜃) ≤ ∫ 𝐸𝐸0{∑ 𝑅𝑅−𝑡𝑡𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)|𝜃𝜃𝑡𝑡�̂�𝑡
𝑡𝑡=0 }𝑑𝑑𝐹𝐹0(𝜃𝜃)

∞
0

∞
0        (16) 

 
Now, 𝜔𝜔(𝜃𝜃, 𝜃𝜃) is state variable following Fernandes, Phelan (2000).

Dynamic generalization of Envelope condition of Mirrlees (1971) and 
Milgrom and Segal (2002), Kapicka (2013), Williams (2011), Pavan, Segal 
and Toikka (2014).So now we have: 

(17)  
 

The first and second derivatives of utility are: 𝑤𝑤(𝜃𝜃) = 𝜔𝜔(𝜃𝜃|𝜃𝜃) and 
𝑤𝑤2(𝜃𝜃) = 𝜔𝜔2(𝜃𝜃|𝜃𝜃).The value function takes form of: 

        (18) 
 

Labor (1 − 𝜏𝜏𝑡𝑡𝑦𝑦(𝜃𝜃𝑡𝑡)) and savings distortions (1 − 𝜏𝜏𝑡𝑡𝑠𝑠(𝜃𝜃𝑡𝑡)) are defined as:   

1 − 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡) ≡

−𝑢𝑢𝑙𝑙(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)

𝜃𝜃𝑡𝑡𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
) 
;  1 − 𝜏𝜏𝑡𝑡𝑠𝑠(𝜃𝜃𝑡𝑡) ≡

1
𝛽𝛽𝛽𝛽 

𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)

𝐸𝐸𝑡𝑡{ 𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡+1(𝜃𝜃𝑡𝑡+1),
𝑦𝑦𝑡𝑡+1(𝜃𝜃𝑡𝑡+1)
𝜃𝜃𝑡𝑡+1

) }
      (19) 

 

 
𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡)

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
) 𝛽𝛽𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− |𝜃𝜃𝑡𝑡) ≥ 𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡− 𝜃𝜃)

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡− 𝜃𝜃)
𝜃𝜃𝑡𝑡

) 𝛽𝛽𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− 𝜃𝜃|𝜃𝜃𝑡𝑡) ∀𝜃𝜃 𝜃𝜃 ∈ Θ ∀𝑡𝑡

𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− 𝜃𝜃|𝜃𝜃𝑡𝑡) 𝐸𝐸𝑡𝑡   𝛽𝛽𝑠𝑠−𝑡𝑡− 𝑢𝑢 𝑐𝑐𝑠𝑠 (𝜃𝜃𝑠𝑠)
𝑦𝑦𝑠𝑠(𝜃𝜃𝑠𝑠)
𝜃𝜃𝑠𝑠

𝑡𝑡

𝑠𝑠 𝑡𝑡
𝜃𝜃𝑡𝑡 
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allocation solve mechanism design problem as in Golosov, Kocherlakota, 
Tsyvinski (2003): 

max
𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡);𝜃𝜃𝑡𝑡∈Θ𝑡𝑡;𝑡𝑡∈(0,�̂�𝑡)

∫ 𝛼𝛼(𝜃𝜃)∞
0 (𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡))𝑑𝑑𝐹𝐹0(𝜃𝜃) (15) 

 
s.t. IC (incentive compatibility) constraint: 
𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡) ≥

𝐸𝐸0 (∑ 𝛽𝛽𝑡𝑡𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜎𝜎𝑡𝑡(𝜃𝜃𝑡𝑡)),
𝑦𝑦𝑡𝑡(𝜎𝜎𝑡𝑡((𝜃𝜃𝑡𝑡))
𝜃𝜃𝑡𝑡
)𝑡𝑡+1

𝑡𝑡=0 |𝜃𝜃𝑡𝑡) , ∀𝜎𝜎�̂�𝑡 ∈ ∑ , 𝜎𝜎𝑡𝑡 ∈ 𝜎𝜎�̂�𝑡, 𝜃𝜃 ∈ Θ𝑡𝑡   and  
 
feasibility constraint:  
∫ 𝐸𝐸0{∑ 𝑅𝑅−𝑡𝑡𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡)|𝜃𝜃𝑡𝑡�̂�𝑡

𝑡𝑡=0 }𝑑𝑑𝐹𝐹0(𝜃𝜃) ≤ ∫ 𝐸𝐸0{∑ 𝑅𝑅−𝑡𝑡𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)|𝜃𝜃𝑡𝑡�̂�𝑡
𝑡𝑡=0 }𝑑𝑑𝐹𝐹0(𝜃𝜃)

∞
0

∞
0        (16) 

 
Now, 𝜔𝜔(𝜃𝜃, 𝜃𝜃) is state variable following Fernandes, Phelan (2000).

Dynamic generalization of Envelope condition of Mirrlees (1971) and 
Milgrom and Segal (2002), Kapicka (2013), Williams (2011), Pavan, Segal 
and Toikka (2014).So now we have: 

(17)  
 

The first and second derivatives of utility are: 𝑤𝑤(𝜃𝜃) = 𝜔𝜔(𝜃𝜃|𝜃𝜃) and 
𝑤𝑤2(𝜃𝜃) = 𝜔𝜔2(𝜃𝜃|𝜃𝜃).The value function takes form of: 

        (18) 
 

Labor (1 − 𝜏𝜏𝑡𝑡𝑦𝑦(𝜃𝜃𝑡𝑡)) and savings distortions (1 − 𝜏𝜏𝑡𝑡𝑠𝑠(𝜃𝜃𝑡𝑡)) are defined as:   

1 − 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡) ≡

−𝑢𝑢𝑙𝑙(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)

𝜃𝜃𝑡𝑡𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
) 
;  1 − 𝜏𝜏𝑡𝑡𝑠𝑠(𝜃𝜃𝑡𝑡) ≡

1
𝛽𝛽𝛽𝛽 

𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡),
𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
)

𝐸𝐸𝑡𝑡{ 𝑢𝑢𝑐𝑐(𝑐𝑐𝑡𝑡+1(𝜃𝜃𝑡𝑡+1),
𝑦𝑦𝑡𝑡+1(𝜃𝜃𝑡𝑡+1)
𝜃𝜃𝑡𝑡+1

) }
      (19) 

 

 
𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡)

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡)
𝜃𝜃𝑡𝑡
) 𝛽𝛽𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− |𝜃𝜃𝑡𝑡) ≥ 𝑢𝑢 (𝑐𝑐𝑡𝑡(𝜃𝜃𝑡𝑡− 𝜃𝜃)

𝑦𝑦𝑡𝑡(𝜃𝜃𝑡𝑡− 𝜃𝜃)
𝜃𝜃𝑡𝑡

) 𝛽𝛽𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− 𝜃𝜃|𝜃𝜃𝑡𝑡) ∀𝜃𝜃 𝜃𝜃 ∈ Θ ∀𝑡𝑡

𝜔𝜔𝑡𝑡 (𝜃𝜃𝑡𝑡− 𝜃𝜃|𝜃𝜃𝑡𝑡) 𝐸𝐸𝑡𝑡   𝛽𝛽𝑠𝑠−𝑡𝑡− 𝑢𝑢 𝑐𝑐𝑠𝑠 (𝜃𝜃𝑠𝑠)
𝑦𝑦𝑠𝑠(𝜃𝜃𝑠𝑠)
𝜃𝜃𝑠𝑠

𝑡𝑡

𝑠𝑠 𝑡𝑡
𝜃𝜃𝑡𝑡 

In the case of separable preferences, let  𝜀𝜀𝑡𝑡(𝜃𝜃) ≡ 𝑢𝑢𝑙𝑙𝑙𝑙,𝑡𝑡(𝜃𝜃)𝑙𝑙𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑙𝑙,𝑡𝑡(𝜃𝜃)  is the 

inverse of Frisch elasticity of labor3 , and 𝜎𝜎𝑡𝑡(𝜃𝜃) ≡ − 𝑢𝑢𝑐𝑐𝑐𝑐,𝑡𝑡(𝜃𝜃)𝑐𝑐𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)  represents 

the intertemporal elasticity of substitution. Preferences are isoelastic: 
𝑢𝑢(𝑐𝑐, 𝑙𝑙) = 𝑐𝑐1−𝜎𝜎−1

1−𝜎𝜎 − 𝑙𝑙1+𝜀𝜀

1+𝜀𝜀. The optimal tax rate here is: 

𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡) = (1 + 𝜀𝜀) 1−𝐹𝐹0(𝜃𝜃)

𝜃𝜃𝑓𝑓0(𝜃𝜃) ∫ exp (∫ 𝜎𝜎𝑡𝑡(�̃�𝑥) 𝑐𝑐̇(�̃�𝑥)
𝑐𝑐𝑡𝑡(�̃�𝑥) 𝑑𝑑�̃�𝑥  𝑥𝑥

0 ) (1 −∞
0

𝜆𝜆1,𝑡𝑡�̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥)) + 𝛽𝛽𝛽𝛽 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡)

𝐴𝐴𝑡𝑡(𝜃𝜃)
𝐴𝐴𝑡𝑡−1

𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑐𝑐,𝑡𝑡−1

𝜓𝜓𝑡𝑡(𝜃𝜃) , 𝑡𝑡 > 0                                   (20) 

  
In the previous expression: 𝐴𝐴𝑡𝑡(𝜃𝜃) = (1 + 𝜀𝜀) ; 𝐵𝐵𝑡𝑡(𝜃𝜃) = 1−𝐹𝐹0(𝜃𝜃)

𝜃𝜃𝑓𝑓0(𝜃𝜃)  ; 𝐶𝐶𝑡𝑡(𝜃𝜃) =
(∫ 𝜎𝜎𝑡𝑡(�̃�𝑥) 𝑐𝑐̇(�̃�𝑥)

𝑐𝑐𝑡𝑡(�̃�𝑥) 𝑑𝑑�̃�𝑥  𝑥𝑥
0 ) (1 − 𝜆𝜆1,𝑡𝑡�̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥)); 𝐷𝐷𝑡𝑡(𝜃𝜃) = 𝐴𝐴𝑡𝑡(𝜃𝜃)

𝐴𝐴𝑡𝑡−1

𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑐𝑐,𝑡𝑡−1

𝜓𝜓𝑡𝑡(𝜃𝜃) where also : 
𝜆𝜆1,𝑡𝑡 = ∫ 𝑓𝑓𝑡𝑡(𝑥𝑥)

𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥) 𝑑𝑑𝑥𝑥 ; �̅�𝛼𝑡𝑡(𝜃𝜃) =∞
0 𝛼𝛼(𝜃𝜃) 𝑖𝑖𝑖𝑖 𝑡𝑡 = 0; �̅�𝛼𝑡𝑡(𝜃𝜃) = 1 𝑖𝑖𝑖𝑖 𝑡𝑡 > 0 .In a case when 𝜎𝜎 = 0 

and 𝑡𝑡 = 0 previous optimal labor tax becomes:  

 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡) = (1 + 𝜀𝜀) 1−𝐹𝐹0(𝜃𝜃)

𝜃𝜃𝑓𝑓0(𝜃𝜃) ∫ (1 − 𝛼𝛼(𝑥𝑥)) 𝑓𝑓0(𝑥𝑥)𝑑𝑑𝑥𝑥
1−𝐹𝐹0(𝜃𝜃)

∞
0                          (21) 

And if 𝑡𝑡 > 0 then previous intratemporal components will be equal to 
zero (𝐴𝐴𝑡𝑡(𝜃𝜃) = 𝐵𝐵𝑡𝑡(𝜃𝜃) = 𝐶𝐶𝑡𝑡(𝜃𝜃) = 0 and optimal marginal tax rate will be equal to 
intertemporal component 

 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡) = 𝛽𝛽𝛽𝛽𝛽𝛽 𝜏𝜏𝑡𝑡

𝑦𝑦(𝜃𝜃)
1−𝜏𝜏𝑡𝑡

𝑦𝑦(𝜃𝜃𝑡𝑡) (22) 
 

In the case of nonseparable preferences between labor and consumption 
almost all principles as in the case with separable preferences hold, 𝛾𝛾𝑡𝑡(𝜃𝜃) ≡
𝑢𝑢𝑐𝑐,𝑙𝑙,𝑡𝑡(𝜃𝜃)𝑙𝑙𝑡𝑡(𝜃𝜃)

𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)  represents the degree of complementarity between consumption 

and labor, and the MPC from after-tax income on the right upper tail of the 
distribution �̅�𝑥 = lim

𝜃𝜃→∞ 
𝑐𝑐𝑡𝑡(𝜃𝜃)

(1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)𝑦𝑦𝑡𝑡(𝜃𝜃). Labor distortions are : 

 

The Frisch elasticity measures the relative change of working hours to 1% increase in real 
wage given the marginal utility of wealth 𝜆𝜆.In the steady state benchmark model is given as: 

𝑑𝑑ℎ
ℎ

𝑑𝑑𝑑𝑑/𝑑𝑑 = 1−ℎ
ℎ (1−𝜂𝜂

𝜂𝜂 𝜃𝜃 − 1)
−1
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{
 
 
 
 𝐴𝐴𝑡𝑡(𝜃𝜃) = (1 + 𝜀𝜀(𝜃𝜃) − 𝛾𝛾𝑡𝑡(𝜃𝜃))
Ct(θ) = ∫ exp (∫ [𝜎𝜎𝑡𝑡(�̃�𝑥)

�̇�𝑐(�̃�𝑥)
𝑐𝑐𝑡𝑡(�̃�𝑥)

− 𝛾𝛾𝑡𝑡(�̃�𝑥)
�̇�𝑦𝑡𝑡(𝑥𝑥)
𝑦𝑦𝑡𝑡(�̃�𝑥)
] 𝑑𝑑�̃�𝑥  𝑥𝑥

𝜃𝜃 ) (1 − 𝜆𝜆1,𝑡𝑡�̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥))
𝑓𝑓𝑡𝑡(𝑥𝑥)𝑑𝑑𝑥𝑥
1−𝐹𝐹𝑡𝑡(𝜃𝜃)

 ∞
θ  

𝐷𝐷𝑡𝑡(𝜃𝜃) =
𝐴𝐴𝑡𝑡(𝜃𝜃)
𝐴𝐴𝑡𝑡−1

𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑐𝑐,𝑡𝑡−1

𝜃𝜃𝑡𝑡−1  ∫ exp(−∫ 𝛾𝛾𝑡𝑡(�̃�𝑥)
𝑑𝑑�̃�𝑥
�̃�𝑥 ) 𝑓𝑓2,𝑡𝑡∗𝑥𝑥)𝑑𝑑𝑥𝑥 

𝑥𝑥
𝜃𝜃  ∞

𝜃𝜃
𝜃𝜃𝑓𝑓𝑡𝑡(𝜃𝜃)

(23) 

 
Now about the income and substitution effects, let 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃), 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) be the 

compensated and uncompensated elasticities and the income effect is 
𝜂𝜂𝑡𝑡(𝜃𝜃) = 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃) − 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) ,now we can rewrite labor distortions 𝐴𝐴𝑡𝑡(𝜃𝜃), 𝐶𝐶𝑡𝑡(𝜃𝜃): 

 
𝐴𝐴𝑡𝑡(𝜃𝜃) =

1+𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃)
𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃)

Ct(θ) = ∫ exp(𝑔𝑔𝑡𝑡; (𝑥𝑥; 𝜃𝜃)) (1 − 𝜆𝜆1,𝑡𝑡 �̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥))
𝑓𝑓𝑡𝑡(𝑥𝑥)𝑑𝑑𝑥𝑥
1−𝐹𝐹𝑡𝑡(𝜃𝜃)

 ∞
θ

 (24) 

 

𝑔𝑔𝑡𝑡 = ∫ {−𝜂𝜂𝑡𝑡(�̃�𝑥)𝜀𝜀𝑡𝑡𝑐𝑐(�̃�𝑥)
�̇�𝑦𝑡𝑡
𝑦𝑦𝑡𝑡
�̃�𝑥 − 𝜎𝜎𝑡𝑡(�̃�𝑥) 

(1−𝜏𝜏𝑡𝑡
𝑦𝑦(�̃�𝑥))�̇�𝑦𝑡𝑡−𝑐𝑐�̇�𝑡
𝑐𝑐𝑡𝑡

�̃�𝑥} 𝑑𝑑�̃�𝑥 𝑥𝑥
𝜃𝜃 , 𝐴𝐴𝑡𝑡(𝜃𝜃), 𝐶𝐶𝑡𝑡(𝜃𝜃) are similar in 

their dependence on 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃), 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) as in Saez (2001). Preferences here are 
given as in Greenwood, Hercowitz,, Huffman (1988): 𝑢𝑢(𝑐𝑐, 𝑙𝑙) = 1

1−𝑣𝑣 (𝑐𝑐 −
1
1+𝜀𝜀 𝑙𝑙

1+1𝜀𝜀). Labor distortions here are given as: 

 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡)

~ [𝑎𝑎 1
1+1𝜀𝜀

− 𝜀𝜀 −�̅�𝜎(1−�̅�𝑥)�̅�𝑥 ]
−1
; 𝜃𝜃 → ∞  (25) 

4.1 Dynamic Mirrlees taxation: two period example  
 
The government computes allocations subject to IC constraints and 

then implicit taxes are inferred from the resulting wedges between marginal 
rates of substitution (MRS) and marginal rates of transformation (MRT). The  
assumptions of the model here are: 

1. Workers are heterogenous plus random  
2. The government does not observe individual skills, but it knows the 

distribution of skills apriori  
3. There are no apriori restrictions on fiscal policy *e.g. lump-sum taxes 

are available -possible 
4. The government can commit  
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{
 
 
 
 𝐴𝐴𝑡𝑡(𝜃𝜃) = (1 + 𝜀𝜀(𝜃𝜃) − 𝛾𝛾𝑡𝑡(𝜃𝜃))
Ct(θ) = ∫ exp (∫ [𝜎𝜎𝑡𝑡(�̃�𝑥)

�̇�𝑐(�̃�𝑥)
𝑐𝑐𝑡𝑡(�̃�𝑥)

− 𝛾𝛾𝑡𝑡(�̃�𝑥)
�̇�𝑦𝑡𝑡(𝑥𝑥)
𝑦𝑦𝑡𝑡(�̃�𝑥)
] 𝑑𝑑�̃�𝑥  𝑥𝑥

𝜃𝜃 ) (1 − 𝜆𝜆1,𝑡𝑡�̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥))
𝑓𝑓𝑡𝑡(𝑥𝑥)𝑑𝑑𝑥𝑥
1−𝐹𝐹𝑡𝑡(𝜃𝜃)

 ∞
θ  

𝐷𝐷𝑡𝑡(𝜃𝜃) =
𝐴𝐴𝑡𝑡(𝜃𝜃)
𝐴𝐴𝑡𝑡−1

𝑢𝑢𝑐𝑐,𝑡𝑡(𝜃𝜃)
𝑢𝑢𝑐𝑐,𝑡𝑡−1

𝜃𝜃𝑡𝑡−1  ∫ exp(−∫ 𝛾𝛾𝑡𝑡(�̃�𝑥)
𝑑𝑑�̃�𝑥
�̃�𝑥 ) 𝑓𝑓2,𝑡𝑡∗𝑥𝑥)𝑑𝑑𝑥𝑥 

𝑥𝑥
𝜃𝜃  ∞

𝜃𝜃
𝜃𝜃𝑓𝑓𝑡𝑡(𝜃𝜃)

(23) 

 
Now about the income and substitution effects, let 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃), 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) be the 

compensated and uncompensated elasticities and the income effect is 
𝜂𝜂𝑡𝑡(𝜃𝜃) = 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃) − 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) ,now we can rewrite labor distortions 𝐴𝐴𝑡𝑡(𝜃𝜃), 𝐶𝐶𝑡𝑡(𝜃𝜃): 

 
𝐴𝐴𝑡𝑡(𝜃𝜃) =

1+𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃)
𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃)

Ct(θ) = ∫ exp(𝑔𝑔𝑡𝑡; (𝑥𝑥; 𝜃𝜃)) (1 − 𝜆𝜆1,𝑡𝑡 �̅�𝛼𝑡𝑡(𝑥𝑥)𝑢𝑢𝑐𝑐,𝑡𝑡(𝑥𝑥))
𝑓𝑓𝑡𝑡(𝑥𝑥)𝑑𝑑𝑥𝑥
1−𝐹𝐹𝑡𝑡(𝜃𝜃)

 ∞
θ

 (24) 

 

𝑔𝑔𝑡𝑡 = ∫ {−𝜂𝜂𝑡𝑡(�̃�𝑥)𝜀𝜀𝑡𝑡𝑐𝑐(�̃�𝑥)
�̇�𝑦𝑡𝑡
𝑦𝑦𝑡𝑡
�̃�𝑥 − 𝜎𝜎𝑡𝑡(�̃�𝑥) 

(1−𝜏𝜏𝑡𝑡
𝑦𝑦(�̃�𝑥))�̇�𝑦𝑡𝑡−𝑐𝑐�̇�𝑡
𝑐𝑐𝑡𝑡

�̃�𝑥} 𝑑𝑑�̃�𝑥 𝑥𝑥
𝜃𝜃 , 𝐴𝐴𝑡𝑡(𝜃𝜃), 𝐶𝐶𝑡𝑡(𝜃𝜃) are similar in 

their dependence on 𝜀𝜀𝑡𝑡𝑢𝑢(𝜃𝜃), 𝜀𝜀𝑡𝑡𝑐𝑐(𝜃𝜃) as in Saez (2001). Preferences here are 
given as in Greenwood, Hercowitz,, Huffman (1988): 𝑢𝑢(𝑐𝑐, 𝑙𝑙) = 1

1−𝑣𝑣 (𝑐𝑐 −
1
1+𝜀𝜀 𝑙𝑙

1+1𝜀𝜀). Labor distortions here are given as: 

 𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃)

1−𝜏𝜏𝑡𝑡
𝑦𝑦(𝜃𝜃𝑡𝑡)

~ [𝑎𝑎 1
1+1𝜀𝜀

− 𝜀𝜀 −�̅�𝜎(1−�̅�𝑥)�̅�𝑥 ]
−1
; 𝜃𝜃 → ∞  (25) 

4.1 Dynamic Mirrlees taxation: two period example  
 
The government computes allocations subject to IC constraints and 

then implicit taxes are inferred from the resulting wedges between marginal 
rates of substitution (MRS) and marginal rates of transformation (MRT). The  
assumptions of the model here are: 

1. Workers are heterogenous plus random  
2. The government does not observe individual skills, but it knows the 

distribution of skills apriori  
3. There are no apriori restrictions on fiscal policy *e.g. lump-sum taxes 

are available -possible 
4. The government can commit  

5. Preferences are separable between consumption and leisure 
(government should be able to observe marginal utility of 
consumption)  

6. There is no aggregate uncertainty  
 

Without aggregate uncertainty a perfect consumption insurance is 
possible (everybody gets the same consumption). However, if government 
cannot observe the skills. The assumptions here are:  

1. ∃ continuum of workers who live in the 2nd period and the 
maximization problem is  

2. max  𝐸𝐸(𝑢𝑢(𝑐𝑐1) + 𝑣𝑣(𝑛𝑛1) + 𝛽𝛽[𝑢𝑢(𝑐𝑐2) + 𝑣𝑣(𝑛𝑛2)] 
3. The skills production is:𝑦𝑦 = 𝜃𝜃 ∙ 𝑛𝑛 

 
𝑦𝑦 represents observable output,𝜃𝜃 are skills, 𝑛𝑛 is effort/labor. 

Furthermore: 𝜃𝜃𝑖𝑖 is only observed by the agent 𝑖𝑖  at the beginning of 
period,Π1(𝑖𝑖) represents period 1 distribution of skills, and here Π2(𝑗𝑗|𝑖𝑖) is the 
conditional distribution of skills 2. Government maximization problem is 
given as:  

max
𝑐𝑐1(𝑖𝑖),𝑐𝑐2(𝑖𝑖)
𝑦𝑦1(𝑖𝑖),𝑦𝑦2(𝑖𝑖)

∑ {𝑢𝑢(𝑐𝑐1, 𝑙𝑙𝑖𝑖,𝑗𝑗 + 𝑣𝑣 (𝑦𝑦1(𝑖𝑖)
𝜃𝜃1(𝑖𝑖)) + 𝛽𝛽 ∑ [𝑢𝑢(𝑐𝑐2, 𝑙𝑙𝑖𝑖,𝑗𝑗) + 𝑣𝑣 (𝑦𝑦2(𝑖𝑖)

𝜃𝜃2(𝑖𝑖))]𝑗𝑗 } Π2(𝑗𝑗|𝑖𝑖)Π1(𝑖𝑖)𝑖𝑖     (26) s.t. 

 
1) Resource constraint : 

∑ {[𝑐𝑐𝑖𝑖, 𝑙𝑙𝑖𝑖,𝑗𝑗 + 1
𝑅𝑅 ∑ 𝑐𝑐2, 𝑙𝑙𝑖𝑖𝑗𝑗Π2(𝑗𝑗|𝑖𝑖)] Π1 (𝑖𝑖) 𝑗𝑗 } + 𝐺𝐺1 + 1

𝑅𝑅 𝐺𝐺2𝑖𝑖 ≤ ∑ [𝑦𝑦1(𝑖𝑖) +𝑖𝑖
1
𝑅𝑅 ∑ 𝑦𝑦2(𝑖𝑖, 𝑗𝑗)Π2(𝑗𝑗|𝑖𝑖)𝑗𝑗 ] Π1(𝑖𝑖) + 𝑅𝑅𝑘𝑘1                                                                    (27) 

 
2) Incentive compatibility constraints are given below: 

𝑢𝑢(𝑐𝑐1𝑙𝑙𝑖𝑖,𝑗𝑗) + 𝑣𝑣 (𝑦𝑦𝑖𝑖𝑙𝑙𝑖𝑖,𝑗𝑗
𝜃𝜃𝑙𝑙𝑖𝑖,𝑗𝑗

) + 𝛽𝛽 ∑ [𝑢𝑢(𝑐𝑐2, 𝑙𝑙𝑖𝑖,𝑗𝑗) + 𝑣𝑣 (𝑦𝑦2(𝑖𝑖,𝑗𝑗)
𝜃𝜃2(𝑖𝑖,𝑗𝑗))]𝑖𝑖 Π2(𝑗𝑗|𝑖𝑖) ≥ 𝑢𝑢 (𝑐𝑐1𝑙𝑙(𝑖𝑖𝑟𝑟) +

𝑣𝑣 (𝑦𝑦𝑖𝑖𝑙𝑙(𝑖𝑖𝑟𝑟)
𝜃𝜃(𝑖𝑖) ) + 𝛽𝛽 ∑  (𝑢𝑢(𝑐𝑐2(𝑖𝑖𝑟𝑟, 𝑗𝑗𝑟𝑟)) + 𝑣𝑣 (𝑦𝑦2(𝑖𝑖𝑟𝑟,𝑗𝑗𝑟𝑟)

𝜃𝜃2(𝑖𝑖,𝑗𝑗) )𝑗𝑗 Π2(𝑗𝑗|𝑖𝑖)) (28) 

4. Revelation principle: The government asks what your skill is and 
allocates consumption plus labor contingent on your answer. So now 
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here we have 𝑖𝑖𝑟𝑟-which denotes first-period skills report (which 
depends on realized 𝑖𝑖 ) and 𝑗𝑗𝑟𝑟-which represents the 2nd period skills 
report (which depends on realized 𝑗𝑗).  Characterization of optimum  

Let’s consider the following simple variational argument: 

1) Fix a 1st period realization 𝑖𝑖 and a hypothetical optimum 𝑐𝑐1
∗(𝑖𝑖), 𝑐𝑐2

∗(𝑖𝑖). 
2) Increase 2nd period utility uniformly across 2nd period realizations: 

𝑢𝑢(�̃�𝑐2(𝑖𝑖, 𝑗𝑗; ∆) ≡ 𝑢𝑢(𝑐𝑐2
∗(𝑖𝑖, 𝑗𝑗)) + ∆ 

3) Hold total utility constant by decreasing 1st period utility by 𝛽𝛽∆: 
𝑢𝑢(�̃�𝑐1(𝑖𝑖, 𝑗𝑗, ∆)) = 𝑢𝑢(𝑐𝑐1

∗(𝑖𝑖)) − 𝛽𝛽∆ 
4) Note that this variation does not affect IC constraint and only the 

resource constraint is potentially affected.  
5) Therefore, for 𝑐𝑐1

∗(𝑖𝑖); 𝑐𝑐2
∗(𝑖𝑖) to be optimal, ∆= 0 must minimize 

resources expended on the allocation.  
 

One can express the resource costs of the perturbed allocation as 
follows:  

�̃�𝑐𝑖𝑖(𝑖𝑖; ∆) + 𝑅𝑅−1 ∑ 𝑐𝑐2̃𝑗𝑗 (𝑖𝑖, 𝑗𝑗, ∆)Π(𝑗𝑗|𝑖𝑖) = 𝑢𝑢−1(𝑢𝑢(𝑐𝑐1(𝑖𝑖) − 𝛽𝛽∆) +
𝑅𝑅−1 ∑ 𝑢𝑢−1(𝑢𝑢(𝑐𝑐2(𝑖𝑖, 𝑗𝑗) + ∆)Π(𝑗𝑗|𝑖𝑖)𝑗𝑗                                                                     (29) 

 
FOC evaluated at ∆= 0  is as follows: 

 1
𝑢𝑢′(𝑐𝑐1(𝑖𝑖)) = 1

𝛽𝛽𝛽𝛽 ∑ 1
𝑢𝑢′(𝑐𝑐2(𝑖𝑖,𝑗𝑗)) Π2(𝑗𝑗|𝑖𝑖)𝑗𝑗                                               (30) 

 
Previous equation is inverse Euler equation, 𝑑𝑑

𝑑𝑑𝑑𝑑 𝑓𝑓−1(𝑥𝑥) = 1
𝑓𝑓′(𝑑𝑑). We 

outline three cases as follows:  

1) Skills observable ⇒ 𝑢𝑢′(𝑐𝑐1) = 𝛽𝛽𝑅𝑅𝑢𝑢′(𝑐𝑐2) 
2) Skills unobservable ⇒ 𝑢𝑢′(𝑐𝑐1) = 𝛽𝛽𝑅𝑅𝑢𝑢′(𝑐𝑐2) but not random constant 

overtimes  
3) Skills observable plus random: 1

𝑢𝑢′(𝑐𝑐1) = 1
𝛽𝛽𝛽𝛽 𝐸𝐸 [ 1

𝑢𝑢′(𝑐𝑐2)] > 1
𝛽𝛽𝛽𝛽

1
𝐸𝐸𝑢𝑢′(𝑐𝑐2) ⇒

𝑢𝑢′(𝑐𝑐1(𝑖𝑖)) < 𝛽𝛽𝑅𝑅 𝐸𝐸[𝑢𝑢′(𝑐𝑐2(𝑖𝑖, 𝑗𝑗))] ⇒ 𝜏𝜏𝑘𝑘 > 0 
 

Previous is Jensen’s inequality. Intuition here is that savings affects 
incentive to work, so government needs to discourage savings to prevent the 
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here we have 𝑖𝑖𝑟𝑟-which denotes first-period skills report (which 
depends on realized 𝑖𝑖 ) and 𝑗𝑗𝑟𝑟-which represents the 2nd period skills 
report (which depends on realized 𝑗𝑗).  Characterization of optimum  

Let’s consider the following simple variational argument: 

1) Fix a 1st period realization 𝑖𝑖 and a hypothetical optimum 𝑐𝑐1
∗(𝑖𝑖), 𝑐𝑐2

∗(𝑖𝑖). 
2) Increase 2nd period utility uniformly across 2nd period realizations: 

𝑢𝑢(�̃�𝑐2(𝑖𝑖, 𝑗𝑗; ∆) ≡ 𝑢𝑢(𝑐𝑐2
∗(𝑖𝑖, 𝑗𝑗)) + ∆ 

3) Hold total utility constant by decreasing 1st period utility by 𝛽𝛽∆: 
𝑢𝑢(�̃�𝑐1(𝑖𝑖, 𝑗𝑗, ∆)) = 𝑢𝑢(𝑐𝑐1

∗(𝑖𝑖)) − 𝛽𝛽∆ 
4) Note that this variation does not affect IC constraint and only the 

resource constraint is potentially affected.  
5) Therefore, for 𝑐𝑐1

∗(𝑖𝑖); 𝑐𝑐2
∗(𝑖𝑖) to be optimal, ∆= 0 must minimize 

resources expended on the allocation.  
 

One can express the resource costs of the perturbed allocation as 
follows:  

�̃�𝑐𝑖𝑖(𝑖𝑖; ∆) + 𝑅𝑅−1 ∑ 𝑐𝑐2̃𝑗𝑗 (𝑖𝑖, 𝑗𝑗, ∆)Π(𝑗𝑗|𝑖𝑖) = 𝑢𝑢−1(𝑢𝑢(𝑐𝑐1(𝑖𝑖) − 𝛽𝛽∆) +
𝑅𝑅−1 ∑ 𝑢𝑢−1(𝑢𝑢(𝑐𝑐2(𝑖𝑖, 𝑗𝑗) + ∆)Π(𝑗𝑗|𝑖𝑖)𝑗𝑗                                                                     (29) 

 
FOC evaluated at ∆= 0  is as follows: 

 1
𝑢𝑢′(𝑐𝑐1(𝑖𝑖)) = 1

𝛽𝛽𝛽𝛽 ∑ 1
𝑢𝑢′(𝑐𝑐2(𝑖𝑖,𝑗𝑗)) Π2(𝑗𝑗|𝑖𝑖)𝑗𝑗                                               (30) 

 
Previous equation is inverse Euler equation, 𝑑𝑑

𝑑𝑑𝑑𝑑 𝑓𝑓−1(𝑥𝑥) = 1
𝑓𝑓′(𝑑𝑑). We 

outline three cases as follows:  

1) Skills observable ⇒ 𝑢𝑢′(𝑐𝑐1) = 𝛽𝛽𝑅𝑅𝑢𝑢′(𝑐𝑐2) 
2) Skills unobservable ⇒ 𝑢𝑢′(𝑐𝑐1) = 𝛽𝛽𝑅𝑅𝑢𝑢′(𝑐𝑐2) but not random constant 

overtimes  
3) Skills observable plus random: 1

𝑢𝑢′(𝑐𝑐1) = 1
𝛽𝛽𝛽𝛽 𝐸𝐸 [ 1

𝑢𝑢′(𝑐𝑐2)] > 1
𝛽𝛽𝛽𝛽

1
𝐸𝐸𝑢𝑢′(𝑐𝑐2) ⇒

𝑢𝑢′(𝑐𝑐1(𝑖𝑖)) < 𝛽𝛽𝑅𝑅 𝐸𝐸[𝑢𝑢′(𝑐𝑐2(𝑖𝑖, 𝑗𝑗))] ⇒ 𝜏𝜏𝑘𝑘 > 0 
 

Previous is Jensen’s inequality. Intuition here is that savings affects 
incentive to work, so government needs to discourage savings to prevent the 

flowing deviation by highly-skilled: 1) save more today; 2) work less 
tomorrow. Some other features of optimal fiscal policy are: 

1) On average wealth taxes across individuals are zero ex-ante  
2) However, they depend on future labor income-if labor income is 

below average, your capital tax is positive. If your labor income is 
above average, then your capital tax is negative.  

3) So this tax or this fiscal policy might be regressive for incentive 
reasons 

 
The fact that the capital tax varies in this regressive way makes 

investment risky and creates a positive risk premium4. This explains how 
𝜏𝜏𝑘𝑘 > 0   

5.NUMERICAL SOLUTIONS TO MIRRLEES STATIC MODEL: 
GRAPHIC AND TABULAR  

 
In this first example we are using non-linear tax formula : 𝜏𝜏̅ =
1−�̅�𝑔

1−�̅�𝑔+�̅�𝜀𝑢𝑢+𝜀𝜀 ̅𝑐𝑐(𝛼𝛼−1),.Table consists of three global columns with supposed 
elasticities (uncompensated) 𝜀𝜀𝑢𝑢 ∈ (0,0.2,0.5) and supposed compensated 
elasticities 𝜀𝜀𝑐𝑐 ∈ (0.2,0.5,0.8).  
 
Table 1 Non-linear income taxes under different uncompensated and 
compensated elasticities 

 𝜀𝜀𝑢𝑢 = 0 𝜀𝜀𝑢𝑢 = 0.2 𝜀𝜀𝑢𝑢 = 0.5 
𝜀𝜀𝑐𝑐 = 0.2 0.5 0.8 0.2 0.5 0.8 0.2 0.5 0.8 

�̅�𝑔 = 0 
a=1.5 0.91 0.80 0.71 0.77 0.69 0.63 0.63 0.57 0.53 
a=2 0.83 0.67 0.56 0.71 0.59 0.50 0.59 0.50 0.43 

a=2.5 0.77 0.57 0.45 0.67 0.51 0.42 0.56 0.44 0.37 
�̅�𝑔 = 0.25 

a=1.5 0.88 0.75 0.65 0.71 0.63 0.56 0.56 0.50 0.45 
a=2 0.79 0.60 0.48 0.65 0.52 0.96 0.52 0.43 0.37 

a=2.5 0.71 0.50 0.38 0.60 0.44 0.35 0.48 0.38 0.31 

The risk premium is the rate of return on an investment over and above the risk-free or 
guaranteed rate of return. To calculate risk premium, investors must first calculate the 
estimated return and the risk-free rate of return. 
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�̅�𝑔 = 0.5 
a=1.5 0.83 0.67 0.56 0.63 0.53 0.45 0.45 0.40 0.36 
a=2 0.71 0.50 0.38 0.56 0.42 0.33 0.42 0.33 0.28 

a=2.5 0.63 0.40 0.29 0.50 0.34 0.26 0.38 0.29 0.23 
�̅�𝑔 = 0.75 

a=1.5 0.71 0.50 0.38 0.45 0.36 0.29 0.29 0.25 0.22 
a=2 0.56 0.33 0.24 0.38 0.26 0.20 0.26 0.20 0.16 

a=2.5 0.45 0.25 0.17 0.33 0.21 0.15 0.24 0.17 0.13 
Source: Author’s calculation 

Highest optimal tax rates are obtained where there are low 
uncompensated and compensated utility as well as low Pareto parameter.  
 
Table 2 Linear optimal tax rates per Piketty, Saez (2013) 

 𝑒𝑒 = 0.25 𝑒𝑒 = 0.5 𝑒𝑒 = 1 
 �̅�𝑔 𝜏𝜏   �̅�𝑔 𝜏𝜏   �̅�𝑔 𝜏𝜏   

Rawlsian revenue 
maximizing rate  0 0.8 0 0.67 0 0.50 

Utilitarian CRRA=1 
𝑢𝑢𝑐𝑐 =

1
𝑐𝑐 

0.61 0.61 0.54 0.48 0.44 0.36 

Median voter I  
𝑤𝑤𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑤𝑤𝑚𝑚𝑎𝑎𝑚𝑚𝑎𝑎𝑚𝑚𝑎𝑎𝑚𝑚

 0.7 0.55 0.7 0.38 0.7 0.23 

Median voter II  
𝑤𝑤𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
𝑤𝑤𝑚𝑚𝑎𝑎𝑚𝑚𝑎𝑎𝑚𝑚𝑎𝑎𝑚𝑚

 0.75 0.50 0.75 0.33 0.75 0.20 

very low tax country 
10% 0.97 0.1 0.94 0.1 0.88 0.1 

 low tax country 35% 0.87 0.35 0.807 0.35 0.46 0.35 
 high tax country 50% 0.75 0.5 0.5 0.5 0 0.5 
Source: Author’s calculation 
 

The first row of table 1 is Rawlsian criterion with �̅�𝑔 = 0. The second 
row is utilitarian criterion with coefficient of risk aversion (CRRA) equal to 
one. Chetty (2006) proved and showed that 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 1 is consistent with 
empirical labor supply behavior and that is a reasonable 
benchmark.MATLAB example settings are: 



Dushko Josheski, Tatjana Boshkov : MIRRLEESIAN OPTIMAL TAXATION: REVIEW . . .

133
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 low tax country 35% 0.87 0.35 0.807 0.35 0.46 0.35 
 high tax country 50% 0.75 0.5 0.5 0.5 0 0.5 
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The first row of table 1 is Rawlsian criterion with �̅�𝑔 = 0. The second 
row is utilitarian criterion with coefficient of risk aversion (CRRA) equal to 
one. Chetty (2006) proved and showed that 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 = 1 is consistent with 
empirical labor supply behavior and that is a reasonable 
benchmark.MATLAB example settings are: 

                                

{ 
 
  
𝑢𝑢 = 𝛼𝛼 log 𝑥𝑥 + log(1 − 𝑦𝑦)

𝐺𝐺(𝑢𝑢) = − 1
𝛽𝛽 𝑒𝑒

−𝛽𝛽𝛽𝛽

𝑓𝑓(𝑛𝑛) = 1
𝑛𝑛 exp [−

(log𝑛𝑛+1)2
2 ]

                               (31) 

 
Skills are assumed to be lognormally distributed with the average  

�̅�𝑛 = 1
√𝑒𝑒
= 0.607. So now, the equations: 

  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑛𝑛 = −

𝑑𝑑
𝑛𝑛 (2 +

𝑛𝑛𝑓𝑓′
𝑓𝑓 ) −

1
𝑛𝑛2𝛽𝛽1

+ 𝜆𝜆𝜆𝜆′
𝑛𝑛2

𝑑𝑑𝛽𝛽
𝑑𝑑𝑛𝑛 = −𝑦𝑦𝛽𝛽2

𝑛𝑛

                                              (32) 

Would become: 

  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑛𝑛 = −

𝑑𝑑 log𝑛𝑛
𝑛𝑛 − 𝑥𝑥

𝛼𝛼𝑛𝑛2 +
𝜆𝜆
𝑛𝑛2  𝑒𝑒

−𝛽𝛽𝛽𝛽

𝑑𝑑𝛽𝛽
𝑑𝑑𝑛𝑛 =

𝑦𝑦
𝑛𝑛(1−𝑦𝑦)

                                                (33) 

 
Figure 1 Mirrleesian taxation  
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Table 3  FOC’s for the Mirrlees model  
 

Norm of 
step          

First-order 
optimality iteration  Func-

count f(x) 
0 3 1.37E-01    
1 6 9.01E-04 0.000224 0.00276 
2 9 2.13E-04 2.97E-01 0.000677 
3 12 5.02E-08 4.86E-01 9.93E-06 
4 15 2.87E-14 6.74E-03 7.50E-09 

 
Table 4 skills, consumption and earnings for the Mirrlees model  

F(n)-skills  x-cons. y-income x(1-y) z-earnings 
0 0.0424 0 0.0424 0 

0.1 0.116 0.3894 0.0708 0.0869 
0.5 0.18 0.4382 0.1011 0.1612 
0.9 0.2888 0.4686 0.1535 0.2842 

0.99 0.4315 0.4841 0.2226 0.4412 
 

Table 5  average and marginal tax rates for Mirrlees model  

z-earnings x-consumption average tax 
rate 

marginal tax 
rate 

0 0.0424 -Inf 0.2147 
0.05 0.0847 -0.54 0.2336 
0.1 0.1271 -0.1558 0.2223 
0.2 0.214 0.0273 0.1993 
0.3 0.3031 0.0817 0.1824 
0.4 0.3937 0.1052 0.1698 
0.5 0.4856 0.1171 0.1599 

 
The optimal Mirrleesian taxation is flat for a long range of top  

incomes >1.  
 

Conclusion  
 
In static models with Utilitarian SWF there is not substantial evidence 

for progressive taxation optimal tax rates and as this paper shows they 
depend on redistributive tastes of the supposedly benevolent social planers. 



Dushko Josheski, Tatjana Boshkov : MIRRLEESIAN OPTIMAL TAXATION: REVIEW . . .

135

Table 3  FOC’s for the Mirrlees model  
 

Norm of 
step          

First-order 
optimality iteration  Func-

count f(x) 
0 3 1.37E-01    
1 6 9.01E-04 0.000224 0.00276 
2 9 2.13E-04 2.97E-01 0.000677 
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Table 5  average and marginal tax rates for Mirrlees model  

z-earnings x-consumption average tax 
rate 

marginal tax 
rate 

0 0.0424 -Inf 0.2147 
0.05 0.0847 -0.54 0.2336 
0.1 0.1271 -0.1558 0.2223 
0.2 0.214 0.0273 0.1993 
0.3 0.3031 0.0817 0.1824 
0.4 0.3937 0.1052 0.1698 
0.5 0.4856 0.1171 0.1599 

 
The optimal Mirrleesian taxation is flat for a long range of top  

incomes >1.  
 

Conclusion  
 
In static models with Utilitarian SWF there is not substantial evidence 

for progressive taxation optimal tax rates and as this paper shows they 
depend on redistributive tastes of the supposedly benevolent social planers. 

The numerical solutions in the non-linear optimal tax rates showed that high 
tax rates are obtained when there are unrealistically low uncompensated and 
compensated elasticities, also the shape parameter of Pareto distribution must 
be lower. For high tax countries, with burden around 50% the area that 
provides such high tax rates is where compensated elasticity is between 0.2 
and 0.5 and uncompensated elasticity and unrealistically high compensated 
elasticity between 0.5 and 0.8 but medium redistributive tastes g ̅=0.5. If 
uncompensated elasticity is high ε_u=0.5 then also the taste for redistribution 
must be high e.g. g ∈̅(0,0.25). For low tax countries the area where those 
taxes are provided is in high Pareto distribution parameter and very low taste 
for redistribution. In the dynamic Mirrlees approach, capital is taxed to 
provide more efficient labor supply incentives when there is imperfect 
information (private distributions of ability unknown to other parties) and as 
a part of optimal insurance scheme against stochastic earning abilities. 
Savings affects incentive to work, so government needs to discourage savings 
to prevent the flowing deviation by highly skilled. Dynamic Mirrlees 
approach assumes that agents’ abilities to earn income are heterogeneous, 
stochastic, and private information. Tax instruments ex ante are unrestricted.
The model solves for the optimal allocations using dynamic mechanism 
design (subject only to incentive compatibility constraints) and then considers 
how to implement these allocations using decentralized tax systems, see also 
Stantcheva (2020). 
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